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Abstract. Let A be an infinitely divisible random measure. We consider random 
fields of the form 



X{t) = [ ft{x)A{dx), t 



d,q>l, 



where /t : R'' — > M is A-integrable for all t G M"^. We show that X is an infinitely 
divisible random field, that is the law of the random vector {X{ti), A(i„)) is an 
infinitely divisible probability measure on R" for alHi, i„ G R''. 



1. Preliminaries 

We start with the definition of an infinitely divisible random measure. Following p], 
let Rhe a. Borel subset of W^, B{R) be the Borel sets contained in R, and S be the 
5-ring (a ring closed under countable intersections) of bounded subsets of R. Let 
A = {A{A), A E S} he a stochastic process with the following three properties. 

• A is independently scattered: If {A^j^gN C 5 is a sequence of disjoint sets, 
then the random variables A(A„), n G N, are independent. 

• A is a-additive: If C iS is a sequence of disjoint sets and [J An G S, 

n 

then 

n n 

• A{A) is an infinitely divisible random variable for each ^4 G iS, i. e. A{A) has 
the law of the sum of n independent identically distributed random variables 
for any n > 1. 
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Then A is called infinitely divisible random measure. 

We now consider the cumulant function C\[A){'f^) = ln(Ee**^*^'^-') of A(A) for a set A 
in S which is given by the Levy-Khintchine representation 

CA(A)(t) = itaiA) - It-'biA) + [ {e''^ - 1 - ztr(r)) F{dr, A), 

where a is a cr-additive set function on S, b is a measure on B{R), and F{dr,A) is a 
measure on B{R) for fixed dr and a Levy measure on i3(]R) for each fixed A G B{R), 
that is F{{0},A) = and J^mm{l,r'^}F{dr, A) < oo, and r(r) = rl[_i,i](r). F 
is a measure and referred to as the generalized Levy measure and (a, 6, F) is called 
characteristic triplet. 

Let |a| = a"*" + a~.The measure A with 

X{A) := \a\{A) + b{A) + I min{l,r2}F(dr,A), A G 5, 

is called control measure of the infinitely divisible random measure A. 

Let /f : M'^ — 7- M, d > 1, be A-integrable for all t G M'^, > 1, that is there exists a 
sequence of simple functions {ft^^}neN, ft^^ : M'' — )■ M, t G M"^, such that 

(a) A-a.e., 

(b) for every Borel set B G W^, the sequence {J f^"'\x)A{dx)}n(^n converges in 

B 

probability. 
For all t G M'^, we define 

/ Mx)A{dx) :=plim / fi''\x)A{dx), 

R'i R'i 

where plim means convergence in probability (see [3j), and consider random fields of 

n—^OD 

the form 

X{t) = J Mx)A{dx), t gR«. (1) 
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Theorem 2.1. The random field X is infinitely divisible, that is the law of the random 
vector {X(ti), ...,X{tn)Y ^■^ infinitely divisible probability measure on R" for all 
ti, ...,tn G W. 

Proof. Let ip[ti,...,tn) t>e the characteristic function of {X(ti), . . . , X (tn))'^ ■ It is enough 
to show that ipZ ^ ^ is a characteristic function for all 7 > 0, cf. the proof of 



Theorem 3.1. in [5j, p. 144/145. Then for each m G N, there exists a characteristic 
function (fm such that (p{ti,...,t„) = {^m)^- This is the corresponding condition for 
infinite divisibility given in [Ij, p. 111. 

Due to the linearity of the integral ([I]) and the fact that any linear combination of 
A-integrable functions is A-integrable (cf. |4j, p. 81), we have 



and the characteristic function (p{ti,...,tn) is given by 

= exp i iaj2x,f,^ - ^bj^x.f,^ + cj2x,f,^{s,y)F{ds, dy) I , 





cf. [2], where 





n 



Let 7 > 0. Then 
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with 



Since a* := ja is a cr-additive set function on S, b* := jb is a measure on B{U.'^), and 
F*((ir, A) := ^F{dr,A) is a measure on i3(]R'^) for fixed dr and a Levy measure on 
B{M.) for each fixed A G i3(M'^), there exists an infinitely divisible random measure 
A* with characteristic triplet {a*,b*,F*), cf. Proposition 2.1.(b) in |3j. Therefore, 
ipj^^ is the characteristic function of (Y(ti), F(t„))"'" with 

Y{t) = [ ft{x)A*{dx). 



□ 
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